Lecture 9

The free particle: V(x) = 0 everywhere.
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(Same as inside of infinite square well, where potential is zero.) We will write solution in
exponential form instead of sin or cos.
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There are no boundary conditions to restrict the values of the energy here, and the
free particle can have any positive energy. The wave function is
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Note that in Eq. (E.1) X * {— {' - x+yt

where v is a constant . Therefore, "P(x.lf) represents a wave of fixed profile that travels
with speed v in the direction of *x. Every point on the wave form is moving with the
same speed, so the shape does not change as it propagates.
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Therefore, we can put these two expressions together and allow k to be both positive and
negative. 142
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These are "stationary states" of the free particle, that are propagating waves with
wavelength

ho &
1k |

According to de Broglie formula, the corresponding momentum is

P:EIAE = ,):'ké

The corresponding speed of such waves is
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just from looking at the coefficient x £+t in Eq. (E.1) on the previous page.

Note that the classical speed of the free particle with energy E is obtained from
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E = Ekine-\'\'c = 2 my =7
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Therefore, it appears that the wave function travels at only half the speed of the particle
that it is supposed to represent! We will return to this problem later.
The other problem is that the resulting wave function is not normalizable.
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What does it mean? It means that the stationary states that we described do not represent

physically realizable states, i.e. there can be no free particle with definite energy.

We are still interested in these states for the same reason as before: the general solution is

a linear combination of stationary states. Since £ is continuous, the resulting expression is

an integral. 4 - (ox - ‘_t‘_/ﬁl-lr)
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For appropriate  ¢(k) ,this wave function can be normalized. Now it does not have a
single value of Ex associated with it, but a range of values of energies and speeds.
We call it a wave packet.

If we know the initial wave function at time t=0
iR x
¥ (x,0) = g Jc)e o«
-0

we can determine the function ¢ (%) (and, therefore Y(c+) ), by
- iéx

P ¢(k):\r;—‘ﬂ': f*l/(x,o)é dx|

Plancherel's theorem:
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- o
T Fourier transform of £ («)

Inverse Fourier transform of F(k)

Note: the integrals have to exist.
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Example

A free particle that is initially localized intherange —-gq < X <« a
is released at time t=0;

A if < x e
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/

where A and a are positive real constants. Find Y (x, +).

Solution

Normalization:
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This integral needs to be evaluated numerically.
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sin (k) ~ba  4nd

~ Y(x0)
(2
-a a ,Jcﬁ

Spread in position is small, then

(Example of the uncertainty principle).

Limiting case 2 : large a
Y(z, o)

a1

V24,

p (k)

almr

Spread in position is large

k

spread in momentum is large.
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A a

Momentum is well-defined
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Now we return to the issue of velocity. First, there is really no problem because
separable solutions are not physically realizable. The wave packet is a superposition of
sinusoidal functions with their amplitudes modulated by ¢ . It can be visualized as "ripples"
inside an "envelope". The speed of envelope (group velocity) corresponds to the particle
velocity. What we found earlier was a speed of individual ripples (phase velocity).

FARAAANAAAAANA

1|.II I_|I “ '[ 'I,J H I|..|I j' 'I,J 1|II H '|,,f lL Addi ng 2evzral waves of & fferent wa eslength
'[EII:EII'IEI' 'w'lll [II'EIIZ.LICE-' E|I'| 'II'I'[E-' ference

nnnnnnnnnﬁ‘

VAN TAVANANAWANAN
v 'u' '-.r W _1.-' ..r 1.-' LT ALY} N
A _H ;x A ‘H. A _M /)
U W '\...’ ¥ "u ¥} U
ANV ARN AN ARYARY AUEESN NP J
'Ill:..j 'IIL-'IF Ill‘-..."lll Ill‘-...Jr III‘-...JF lll‘-‘ -";' In=++!~.-.+ R L) .'.nr:-.-.r!.-.*.'hﬂ w.-r'-l- number L
walues anc makes it more uncertsin, This
‘/-\\, ./f\"t /\ /\\ J/\" izaninhe-enl and inescalable ircrease
(W A AV o K inthe dncsirtainty Ok when &8 15
decreszed.

Wave pa ua,{"
Clicx - wt \

(\f‘)fw»r VH - [ }b(t) € /

il I\M e w= é
Y}
\\/y > Group velocity

,U'~ - _d_-_“_" (ser ‘leooox,
QrouP dk bhé" 65

c { ‘h n).
A wave packet Poc derivation)

Phase velocity

W
Urkﬂ)c = _k;
_dw _ akk _ hk
Trh owr case, Voprowp = ;;,: = = =
(Vp\r\u\g, = % = % Dmel r\fclkssickl '\I}rmwr LV hase

Lecture 9final Page 6



