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We investigate the ground state persistent spin current and the pair entanglement in
one-dimensional antiferromagnetic anisotropic Heisenberg ring with twisted boundary
conditions. By solving Bethe ansatz equations numerically, we calculate the dependence
of the ground state energy on the total magnetic flux through the ring, and the resulting
persistent current. Motivated by the recent development of the quantum entanglement
theory, we study the properties of the ground state concurrence under the influence of
the flux through the anisotropic Heisenberg ring. We also include an external magnetic
field and discuss the properties of the persistent current and the concurrence in the
presence of the magnetic field.
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1. Introduction

Transport properties of strongly correlated systems have attracted great theoretical

and experimental interest for more than two decades. In particular, low-dimensional

systems show significant deviations in transport properties from the usual Fermi-

liquid quasiparticle description. It has been revealed that electron correlation and

topology play important roles in one-dimensional systems. Recently, the study of

transport properties in integrable models has been an active field of research. The

two most studied models are the hubbard model and the spinless fermion (or, equiv-

alently, spin-1/2 Heisenberg chain) model. Several experiments1–6 have observed

persistent currents in mesoscopic metallic and semiconducting rings pierced by a

magnetic flux. These studies have led to many theoretical investigations focusing

on the interplay of electron-electron interaction and disorder in such systems. The

persistent current in a ferromagnetic Heisenberg ring has been studied in a crown-

shaped magnetic field,7 which can also be driven by inhomogeneous electric fields8

due to the Aharonov–Casher effect.9 Based on a spin-wave approach, the spin cur-

rent in an antiferromagnetic Heisenberg ring with integer spin in an inhomogeneous

magnetic field has been investigated very recently.10

In the first part of this paper we study the ground state persistent current of

a spin-1/2 anisotropic Heisenberg spin ring pierced by a flux. By solving Bethe
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ansatz equations numerically, we find that the increasing anisotropy reduces the

amplitude of the persistent current. This phenomenon has also been noticed by

G. Bouzerar11 when using the Lanczos method. We also study the influence of an

external magnetic field on the ground state persistent current, and find that the

increasing magnetic field reduces the amplitude of the persistent current. When the

magnetic field is larger than a certain value (h = 3.0 for ∆ = 0.5, when the spins

are fully polarized), the persistent current vanishes.

Quantum entanglement, as exemplified in the singlet state of two spin-1/2 par-

ticles (1/
√

2)(| ↑↓〉 − |↓↑〉), is a correlation between two quantum subsystems. It

bears some resemblance to classical correlation, but differs in important aspects,

highlighted by the observation of the violation of Bell’s inequalities in entanglement

systems. For a special case of three binary quantum objects (three qubits), a quan-

titative extension of these inequalities has been proposed in terms of a measure of

the entanglement called the “concurrence”, which takes values between zero and

one. Several theoretical studies12–14 have pointed out, for example, that the square

of the concurrence between qubits A and B, plus the square of the concurrence

between A and C, cannot exceed unity.15 Meanwhile, it has been found experimen-

tally that entanglement is crucial when describing magnetic behavior in a quantum

spin system.16 Therefore, we hope that the study of the entanglement in Heisen-

berg models will enhance our understanding of the quantum features of magnetic

systems.

We may regard a spin-1/2 chain as a collection of interacting qubits. This con-

nection has motivated us to carry out the second part of the study to investigate

the entanglement in anisotropic spin chains. There have already been several stud-

ies on the entanglement in spin chains.17–23 In particular, recent efforts24–27 have

been made to understand the quantum entanglement in the ground states of some

many-body models, in the hope that the study of entanglement can provide a new

insight into the quantum phase transition28, 29 in these systems. We are motivated

by a recent work about the entanglement generation in persistent current qubits.30

To this end, we study the properties of the ground state concurrence and its con-

nections with persistent current. Our numerical results show that the concurrence

is a periodic function of φ. The locations of the minimum concurrence correspond

to those of the maximum persistent current where an energy level crossing occurs.

In the presence of the external magnetic field, the concurrence increases with the

magnetic field, though the minima become less sharp as the magnetic field increases.

2. The Model and Its Secular Equation

The Hamiltonian of an anisotropic Heisenberg ring with twisted boundary condi-

tions reads:

H = −J
N

∑

l=1

[

1

2
(S+

l S
−
l+1e

−iφ/N + H.c.) + ∆Sz
l S

z
l+1

]

, (1)
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where N is the number of sites. The total magnetic flux, or the Aharonov–Bohm

flux, through the ring is Φ, and φ = 2πΦ/Φ0 where Φ0 = hc/e is the flux quantum.

S+
l , S−

l , and Sz
l are spin-1/2 operators at site l. By using the Wigner–Jordan

transformation,31 the Hamiltonian Eq. (1) can be mapped to a spinless fermion

model:

H = −J
2

∑

i

(C+
i Ci+1e

−iφ/N + C+
i+1Cie

iφ/N ) + V
∑

i

(

n̂i −
1

2

) (

n̂i+1 −
1

2

)

, (2)

where J/2 can be interpreted as the hopping integral and V = J∆ as the nearest-

neighbor Coulomb repulsion. The spinless fermionic operators c+i and ci obey the

anticommutation relations, and n̂i = c+i ci is the local number operator. It is well-

known that the ground state of this model has different phases: a metallic phase

when 0 < ∆ < 1 and an insulating phase when ∆ > 1, where ∆ is the anisotropy,

or interaction. The former phase is gapless while the latter gapful.

As in Ref. 32, the flux can be gauged out of the Hamiltonian Eq. (1), so that

solving the Schrödinger equation in the presence of a magnetic flux with a periodic

boundary condition is equivalent to that in the absence of the flux but with a

twisted periodic condition, namely,

ψ(x1, . . . , xi + L, . . .) = exp(iφ)ψ(x1, . . . , xi, . . .) . (3)

We emphasize that the characteristic length L of the circumference is a mesoscopic

scale so that inelastic scattering does not occur. This justifies the applicability of

the Bethe ansatz approach for the present problem, because the ansatz embodies

non-diffractive scattering.

From the standard quantum inverse scattering methods (QISM),33, 34 the diag-

onalization of Hamiltonian Eq. (1) can be transformed into solving the following

Bethe ansatz equations:

(

sinh γ
2 (xj + i)

sinh γ
2 (xj − i)

)N

= e−iφ
M
∏

l6=j

sinh γ
2 (xj − xl + 2i)

sinh γ
2 (xj − xl − 2i)

, (4)

where γ satisfies ∆ = cos(γ).

Taking the logarithm of Eq. (4), we obtain

Nθ1(xj , γ) = 2πIj + φ+

M
∑

l=1

θ2(xj − xl, γ) , (5)

where

θn(x, γ) = 2 tan−1

[

tanh(γx/2)

tan(nγ/2)

]

.

The ground state is described by a symmetrical sequence of quantum numbers

around zero. They are

Ij =

{

−M − 1

2
,−M − 3

2
, . . . ,

M − 1

2

}

.



Final Reading
March 20, 2007 14:12 WSPC/147-MPLB 01267

330 Z.-X. Hu & Y.-Q. Li

The energy of the ground state can be expressed as:

E = E0 − J

M
∑

j=1

sin2(γ)

cosh(γxj) − cos(γ)
. (6)

In the thermodynamics limit, it can be written in an integral form,

E = E0 − JN sin2 γ

∫

ρN(x, φ)dx

cosh(γx) − cos γ

∞
∑

m=−∞

exp{im[NpN(x) − φ]} , (7)

where pN (xi) = (2πIi + φ)/N and E0 = J∆N/4.

At T = 0, the equilibrium persistent current can be given by I(φ) =

−(e/~)∂E(φ)/∂φ, where E(φ) is the ground state energy of Eq. (1), as a function

of the boundary condition φ [Eq. (3)].

3. Persistent Spin Current

To obtain the ground state of the anisotropic Heisenberg model, which is a spin

singlet state (N = 2M), we solve the Bethe ansatz equations Eq. (5) at zero tem-

perature and calculate the dependence of the ground state energy on flux. From

Eq. (5), we find that when φ < π, the quantum number sequence of the low-

est energy state should be the same as the ground state when φ = 0. But if

π < φ < 3π, the quantum number sequence of the lowest energy state should

be Ij = {−M+1
2 ,−M−1

2 , . . . , M−3
2 }. Likewise, for 3π < φ < 5π, it should be

Ij = {−M+3
2 ,−M+1

2 , . . . , M−5
2 }. In other words, when φ reaches (2n + 1)π, there

is an energy level crossing at the lowest energy level. As the flux increases, the

original ground state energy increases while the excited energy decreases. They are

the same when φ equals (2n + 1)π. Here we solve a system with 42 spins, and

obtain the ground state energy as in Fig. 1. We can find that the ground state en-

ergy is a periodic function with respect to the flux, with a periodicity of 2π. Using

I(φ) = −(e/~)∂E(φ)/∂φ, we can easily calculate the persistent current as shown in

Fig. 2 for different anisotropy. I(φ) has a sawtooth-like shape, and is also a periodic

function of flux with a periodicity of 2π. There is a discontinuity where the energy

level crossing occurs. The existence of a discontinuity at finite ∆ comes from the

fact that the translational invariance is presevered in the presence of interaction

(V = J∆ 6= 0). Li and Ma32 considered the current of an isotropic Heisenberg ring

(i.e. ∆ = 1) using the Bethe ansatz method, and also found the spin current as a

linear function of the flux. In Fig. 2, we draw the persistent current with different

anisotropic parameters ∆. The current is always a periodic function of the AB flux,

and the increasing anisotropic parameter ∆ reduces the amplitude of the persistent

current. In the regime of 0 < ∆ < 1, the amplitude change is weak, while it was

found to decrease more rapidly for ∆ > 1.11

In the presence of an external magnetic field, the Hamiltonian changes into

H = H0 + h
∑

Sz, in which H0 is the original Hamiltonian [Eq. (1)] without the

magnetic field. The magnetization
∑

Sz = 1
2 (N − 2M) and H = H0 + h

2 (N − 2M).
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Fig. 1. The ground state energy of anisotropic Heisenberg spin ring as a function of flux when
∆ = 0.5403.

Fig. 2. The persistent current in anisotropic Heisenberg spin ring versus flux for different
anisotropic parameters ∆ = 0, 1/2,

√
3/2, 1.

For h = 0, the ground state of this system is a spin singlet (N = 2M), while for

h 6= 0, the ground state is no longer a spin singlet, and the magnetic field may

flip some spins. For example, when h = 0.2, the lowest energy state of the system

with 42 spins is M = 20 rather than M = 21. In Fig. 3, we plot the dependence

of the ground state magnetization as a function of the external field. We can then

calculate the spin current. In Fig. 4, we plot the persistent current at different
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Fig. 3. The magnetization M of the lowest energy state as a function of external magnetic field
when ∆ = 0.5.

Fig. 4. The persistent current as a function of the flux under the different external magnetic
fields when ∆ = 0.5.

magnetic fields for anisotropy ∆ = 0.5. We find that the shape of the current as a

function of flux is unchanged, but the amplitude of the spin current decreases when

the external magnetic field increases. When h is small, the amplitude decreasing

velocity is slower than when h is much larger. After h ≥ 3.0, the persistent current

decreases to zero because all the spins are polarized by the external magnetic field.
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4. The Pair Entanglement

We now turn to the calculation of the ground state concurrence C as a function of

the total magnetic flux φ. Because the Hamiltonian is invariant under translation,

the entanglement between any two nearest neighboring sites is independent of site

index. When ∆ 6= 1, Eq. (1) becomes q-deformed SU(2) algebra with ∆ = (q +

q−1)/2. Together with the Z2 symmetry, we have [H,Sz] = 0, which simplifies the

reduced density matrix ρl(l+1) of two neighbor sites as

ρl(l+1) =









u+ 0 0 0

0 w1 z 0

0 z∗ w2 0

0 0 0 u−









in the standard basis |↑↑〉, |↑↓〉, |↓↑〉, and |↓↓〉. The energy of a single pair in the

system is E/N = Tr[ρl(l+1)Hl], whereHl is the part of the Hamiltonian between site

l and l+1, due to the translational invariance. From the definition of entanglement,

we can easily find that the concurrence of the anisotropic Heisenberg ring can be

calculated as35:

C =
1

2
max(0, |Egs/N − ∆Gzz

l(l+1)| −Gzz
l(l+1) − 1) , (8)

where Gzz
l(l+1) is the two-site correlation function defined by Gl(l+1) =

Tr[exp(−βH)σlzσl+1z ]/Z = − 2
Nβ

∂ ln Z
∂∆ , where β = 1/T , and Z is the partition

function. Egs is the ground state energy. In order to obtain the concurrence, we

calculate the correlation first. From the definition of the two-site correlation func-

tion, we know that once the ∆-dependent eigenenergy E(∆) is obtained, the cor-

relation function is simply the first derivative of E(∆)/N with respect to ∆. Then

we obtain the concurrence as a function of ∆ as plotted in Fig. 5. This result

was also noticed in Gu et al.’s work.36 They obtained an approximative function

around the critical point ∆ = 1 as C0 −C1(∆ − 1)2 where C0 = 2 ln 2− 1 ' 0.386,

C1 = 2 ln 2− 1
2 − 2

π − 2
π2 ' 0.047. The largest value of concurrence at ∆ = 1 is the

result of competition between quantum fluctuation and ordering. This seems to be

independent of the system size: five qubits were considered in Ref. 37, while 1280

sites were considered in Ref. 36.

Furthermore, we study the influence of the magnetic flux. The concurrence as

a function of the flux is plotted in Fig. 6 and in Fig. 7 for two different anisotrop-

ics ∆. We find that the ground state concurrence is also a periodic function of

the flux. The locations of the maximum concurrence are those of minimum energy.

When the ground state energy increases from the minimum to the maximum value,

the corresponding concurrence reduces from the maximum value to the minimum.

The minima of the concurrence also correspond to the energy level crossings of

the ground state and the first excited state. In the presence of the external mag-

netic field, the ground state is in the same fashion as in Fig. 1. We calculate the

ground state concurrence as a function of flux at different magnetic fields, and find
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Fig. 5. The concurrence of XXZ spin ring as a function of ∆ for a system with 42 spins.

Fig. 6. The concurrence as a function of flux when ∆ → 0.

that when the magnetic field increases, the value of the concurrence also increases.

However, the amplitude change of the concurrence decreases as the magnetic field

increases as we can see in Fig. 8, after we shift these different lines along the y-axis

so that the maxima coincide. When the spins are all fully polarized, the concurrence

is independent of the flux.
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Fig. 7. The concurrence as a function of flux when ∆ ' 0.707.

Fig. 8. The concurrence as a function of flux at different magnetic fields when ∆ = 0.5. The lines
with h 6= 0 are shifted along the y-axis in order to make the maximal value the same.

5. Summary and Discussion

In summary, we have studied the properties of the ground state persistent current

and the entanglement defined by concurrence in the anisotropic Heisenberg ring

pierced by a magnetic flux φ. By solving the BAE numerically, we obtain the ground

state energy, the persistent current, and the concurrence, which are all periodic

functions of the magnetic flux. The increasing anisotropy ∆ reduces the amplitude of
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the persistent current. The locations of minimum concurrence are those of maximum

persistent current where an energy level crossing occurs. In the presence of an

external magnetic field, we find that when the value of the magnetic field increases,

the amplitude of the persistent current decreases. When the magnetic field is larger

than a certain value (h = 3.0 for ∆ = 0.5, when the spins are fully polarized),

the persistent current vanishes, and the concurrence is unchanged. The value of

concurrence also increases as the magnetic field increases, but the amplitude change

of the concurrence decreases.
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